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Abstract. We establish partial Holder continuity for vector-valued 
solutions u : Q, ~^ 9.'^ to inhomogeneous elliptic systems of the type: 

D ■ —div{A{x,u,Du)) = f{x,u,Du) inil, 



where the coefficients yl : x x Hom(R",R'^) -i> Hom(R",R^) are 
possibly discontinuous with respect to x. More precisely, we assume a 
VMO-condition with respect to the x and continuity with respect to u 
and prove Holder continuity of the solutions outside of singular sets. 
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1 Introduction 



In this paper, we consider the second order nonlinear elliptic systems in divergence form of the following 
> ■ type: 

QO ' - dW{A{x,u,Du)) ^ f{x,u,Du) inn. (1.1) 

Here fl is bounded domain in R", u takes values in with coefficients A : fl x x Hom(R", R^) — )• 
Hom(R",R^). 

I The aim of this paper is to obtain a partial regularity result of weak solutions to (|l.ip with discontinuous 

■ coefficients. More precisely, we assume that the partial mapping x i— > A{x, u, + has vanishing 

CO I mean oscillation (VMO), uniformly in (u,^). This means that A satisfies an estimate 



p-i 



\A{x,u,0 - iA{;u,0).oJ < V.„{x,p)il + Id) 
^ . where V^o : R" x [0, po] — [0, 2L] are bounded functions with 

03 . r 

' ' ' \imV{p) =0, V{p) sup sup + Vxo{x,r)dx. 

xoeno<r<pj B,^{xo)nn 

We also assume that u A{x, u, + is continuous, that is, there exists a modulus of continuity 

Lo : [0,00) — !• [0,00) such that an estimate 

\Aix,u,0-Aix,uo,0\<LLu{\u-uo\'){l + \^\r-' 

holds. 

Regularity results under a VMO-condition have been established by Zheng [11] for quasi-linear elliptic 
systems or integral functionals. General functionals with VMO-coefficients were consider by Ragusa and 
Tachikawa |10| , who generalized the low-dimensional results from problems with continuous coefficients 
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to the case of VMO-coefHcients. In particular, these results require that the dimension of domain is 
small, for example, n < p + 2 is required to obtain the Holder continuity of the minimizers in |10) . 
In contrast, Bogelein, Duzaar, Habermann and Scheven [T] gives the regularity result for homogeneous 
nonlinear elliptic system without dimension conditions. 

Stronger assumptions such as the Holder continuity with respect to (x, u) or a Dini-type condition lead 
to partial C^-regularity with a quantitative modulus of continuity for Du; the modulus of continuity can 
be determined in dependence on the modulus of continuity of the coefficients (cf. Giaquinta and Modica 
[7], Duzaar and Grotowski fF, Duzaar and Gastel [1], Chen and Tan [3], Qiu [5] and the references 
therein). 

Our aim is to extend the homogeneous system result in [I] to inhomogeneous system. Therefore we 
assume the same structure conditions to coefficients A as in [I]. Under a suitable assumption to inho- 
mogeneous term, we obtain Holder continuity of weak solution (See Theorem 12. 2p . 
Our proof is based on so-called ^-harmonic approximation (cf. [5J Lemma 2.1]; see also Lemma [3.21) . 
introduced by Duzaar and Grotowski. They gives a simplified (direct) proof of regularity results to the 
systems with Holder continuous coefficients and a natural growth condition, without L^'-i^-estimates 
for Du. 

We close this section by briefly summarizing the notation used in this paper. As note above, we consider 
a bounded domain 57 C R", and maps from to , where we take n > 2, N > 1. For a given set X 
we denote by ^"(X) as n-dimensional Lebesgue measure. We write Bp{xo) ■= {a; € M" : |x — xo| < p}. 
For bounded set X C R" with .jSf"(X) > 0, we denote the average of a given function g G L^{X,R^) 
by j^^gdx, that is, f-^gdx = ^J'(^x) 1x9'^^- particular, we write gxo,p = {xo)nn9^^' write 
Bil(Hom(R", R^)) for the space of bilinear forms on the space Hom(R",R^) of linear maps from M" to 



2 Statement of the results 

Definition 2.1. We say u E W^'^{il,M.^), p > 2 is a weak solution of (|l.ip if u satisfies 

{A{x,u,Du),D(p)dx = / {f,(p)dx (2.1) 



for all ip e C(^(f2,R^), where (•, •) is the standard Euclidean inner product on or R"^. 

We assume following structure conditions. 

(HI) A{x, u, ^) is differentiable in ^ with bounded and continuous derivatives, that is, there exists L > 1 
such that 

\A{x, u, 01 + (1 + lei) \D^A{x, u, 01 < L{1 + lei)^-^ (2.2) 
for all a; e f2. It e R^ and ^ G Hom(R",R^). Moreover, this infers the modulus of continuity 
function : [0, oo) — )■ [0, oo) such that jjL is bounded, concave, non-decreasing and we have 

\D^A{x,u^O - D^A{x,uX,)\ < Lf, (^^^^i^L^ (1 + \C\ + l^olf-^ (2.3) 

for ah X e r2. It e R^, C,Co e Hom(R",R^). Without loss of generality, we may assume /i < 1. 
(H2) A(x,u,^) is uniformly strongly elliptic, that is, for some A > we have 

'D^Aix,u,0'^,,.\ := J2 De,'^l,ix,u,0'^M >M'^\H^ + m-^ (2-4) 

^ ' l<i,k<N 

l<j,l<n 

for all x e f7, u e R^, e Hom(R", R^). 
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(H3) A{x,u,(^) is continuous with u. More precisely, there exists bounded, concave and non-decreasing 
function u : [0, oo) — ?> [0, oo) satisfying 

\A{x,u,0-A{x,uo,0\<Lio{\u-uof){l + \i\r-' (2.5) 

for all X G ft, u,uo G R^, ^ e Hom(K", M^). Without loss of generality, we may assume uj < 1. 

(H4) X I— >■ A{x,u, + 1^1)''"^ fulfils the following VMO-conditions uniformly in u and 

\A{x,u,0 - (^(•,«,e)),„,p I < V,Jx,p){l + for all x E Bp{x,) 

whenever a;o G < p < po, " € and ^ G Hom(M", M^), where po > and : R" x [0, pa] 
[0, 2L\ are bounded functions satisfying 



lim V{p) = 0, V{p) := sup sup f 



{x,r)dx. (2.6) 



(H5) /(x, u, ^) has p-growth, that is, there exist constants a, 6 > 0, with a possibly depending on M > 0, 
such that 

\fix,u,0\<a\^f + b (2.7) 

for a\lxen,ue R^ with \u\ < M and £, G Hom(M",R^). 

Now, we are ready to state our main theorem. 

Theorem 2.2. Let u G W^^'P(St,M.^)f^L°"{Q.M^) he a hounded weak solution of (HHI) under the struc- 
ture conditions (HI), (H2), (H3), (H4) and (H5) satisfying \\u\\^ < M and X > 2^^P~^°'>/^a{M)M . 
Then there exists an open set r2„ C 57 with ^"{fl \ ftu) = such that u G Cjq'"(57„, R-'^) for every 
a G (0, 1). Moreover, we have fi\fiu C Ei U S2, where 

Ei:^\xoGn : liminf-f \Du - {Du).^„ pl^dx > 0} , 

T.2: = <X()Gft : limsup |(L)u)j;o^p| = 00 > . 
[ p\o J 

3 Preliminaries 

In this section we present ^-harmonic approximation lemma and some standard estimates for the proof 
of the regularity theorem. 

First we state the definition of yl-harmonic function and recall yl-harmonic approximation lemma as 
below. 

Definition 3.1. For a given A G Bil(Hom(R", R^)), we say h G W^'P{ft,B.^) is A-harmonic function, 
if h satisfies 

/ AiDh, Dip)dx = 
Jo. 

for all if G Co°°(!l,R^). 
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Lemma 3.2 ([1] Lemma 2.3]). Let X>0, L>0,p>2 and n,N E N with n > 2 given. For every 
e > 0, there exists a constant S ~ 6{n, N, L, X,£) € (0,1] such that the following holds: assume that 
7 e [0, 1] and A € Bil(Hom(M", K^)) with the property 



A{iy, v) > A|i/p, for all v e Hom(M",R^), 

< L\iy\\i>\, for all Hom(M",R^). 

Furthermore, let g G W^''^{Bp{xo),M.'^) be an approximately A-harmonic map in sense that there holds 



(3.1) 
(3.2) 



/ {\Dg\^+Y-^\Dgf}dx<l 

JBpixo) 

/ A{Dg,Dip)d. 



<6 sup \Dip\, for all (p e Cl{Bp{xo) 

Bp(xo) 



Then there exists an A-harmonic function h that satisfies 



dx < e, 



f 

JBpixo) 

/ {\Dh\^ +-fP~'^\DhY']dx<c{n,p). 

JbJxo) 





h — g 


2 


h- g 










1 




P 




P 





(3.3) 
(3.4) 

(3.5) 
(3.6) 



Next is a standard estimates for the solutions to homogeneous second order elliptic systems with 
constant coefficients, due originally to Campanato ,2^ Teorema 9.2]. For convenience, we state the 
estimate in a slightly general form than original one. 

Theorem 3.3 ([3 Theorem 2.3]). Consider A, A and L as in Lemma \3. SX Then there exists Co > 1 
depending only on n, N, A and L such that any A-harmonic function h on i?p/2(a;o) satisfies 



(^y sup \Dh\'+(^y sup \D^h\^<co(^y-f m^dx. 

Bpi^ixo) Bpi^ixo) JBpi^ixo) 



(3.7) 



We state the Poincare inequality in a convenient form. The proof can be found in several literature, 
for example |6, Proposition 3.10]. 

Lemma 3.4. There exists Cp > 1 depending only on n such that every u € W^''P{Bp{xQ),M.^) satisfies 

[ \u-u^^,p\Pdx<CppP ( \Du\Pdx. (3.8) 

JBpixo) ' JBpixo) 

Given a function u E i^(i3p(a;o), M^), where xq G R" and p > 0. We write £xo,p is the minimizer of 
the functional 



u- 



e\^dx 



(3.9) 



among affine functions i : I 
that ixo.pixo) = u^g^p and 



' Bpixo) 

. Let write ixo.pi^) ■= ^xo-pi^o) + D£xo,p{^ ^ ^a)- It is easy to check 



DL 



n + 2 r 

JBpix. 



u® (x — xo)dx, 



(3.10) 



'pi^o) 



where (E) C = ^iC"- Based on this formula, elementary calculations yield the following estimates. 
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Lemma 3.5 ([D Lemma 2.1]). Assume u € L2(Bp(a;o), K^), xq e , p > Q and Q < 9 < I. With 
txo,p cmd (xo,9p! '^e denote the affine functions from R" to M.^ defined as above for the radii p and Op 
respectively. Then we have 



,2 < n{n + 2) 



{Op? 



,{xo) 



1^ ^a^o-pl dXj 



and more generally, 



for all affine functions i : 



\Dix..,p-Di\-<--^ 



\u-e^dx. 



(3.11) 



(3.12) 



The estimate p.l2p implies, in particular, that lxa,p has the following quasi-minimizing property for 
the L^-norm. 



Lemma 3.6. Consider the minimizer of (j3.9p . that is, lxa,p- For any affine functions £ : R" 
and p >2 we have 



Bp{xo) 



\u-£xo.p\''dx<c{n,p)4- \u-£\Pdx 



Bp{xo) 



(3.13) 



Proof. We write £{x) as £{xq) + D£{x — xq). First, we have 

Pdx 



' Bp(xo) 

<3P-i 



/ \u- £Y'dx + \ux,.p - £{xoW + P^lDixo.p - D£\P 

JBpixQ) 

Note that -h D£{x — xo)dx = holds. Hence we obtain 

JBJxn) 



(3.14) 



/ (u ~ £{xo) ~ D£{x ~ xo)) 

JBpixo) 



< 



dx 



\u-£\dx] <f \u-£\Pdx. 

Bp{xo) 



' Bp(xo) 

The last term of (I3.14p may estimate by using p.l2p . This complete the proof. □ 

Using Young's inequality and elementary calculations yield the following estimates. 
Lemma 3.7. Consider fixed a, b > 0, p > 1. Then for any e > , there exists K = K{p, e) > satisfying 

(a + bf <{l+e)aP + {l + K)bP. (3.15) 
Proof. We first consider the case p = 2fc — 1 for fc e N. By binomial theorem, we have 

2fc-l 



{a+br-^ = Y: 



m=0 



2fc- 1 



2fc- 1 



(a 
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Using Young's inequality, we obtain 

m=0 ^ ^ m=0 ^ ^ 

where e' > be fixed later. Thus, we get 



rn— 

m— J K. m— 



For any £ > we conclude (13.71) by taking e' as £ = e' 



2fc- 1 

TO 



In case of p = 2k, we may estimate similarly as above, hence we get 



2k , 



.,2k- 



m im 



ni—0 

fe-1 



2k I i2k I ( 2^ 1 / 2k-mim , m,2k-m\ , / 2fc\ 



r?i=0 
fc-1 



A; /„, x ^ fc-1 



k 



m=0 



2fc 



This conclude that we have p.7p for p G N. 

For general p > 1, let [p] be the greatest integer not greater then p. We write 

{a + bf = (a + 6)[fl(a + 6)P-[fl. 

By < p — [p] < 1, we have 

{a + b)P-^P^ < aP'^P^ + bP'^Pl 

For e' > to be fixed later, we get 

(a + 6)W < {l + e')a^P^ + il + Kip,e'))b^P\ 
since [p] S N. Combining two estimates, we obtain 

(a + &)^' < {(1 + + (1 + i^(p,e'))&'^'} (a""'^' + &''"'^') 

= (1 + e')aP + (1 + £'))&'' + (1 + e')a^PhP-^^ + (1 + £'))aP-[^'l6[Pl 
< (1 + e')aP + (1 + £'))&'' + (! + £' + K{p, e'))ia^P^bP-^P^ + aP-^P^b^P^). 

Again for e" > to be fixed later, by using Young's inequality, we conclude 

(a + b)P < (1 + e')aP + (1 + Kip, e'W + (!+£' + Kip, e'))ie"aP + e")bP). 
Take e' = e/2 and e" — e' / (! + £' + Kip, e')), and this complete the proof. □ 



6 



Lemma 3.8 ([HI Lemma 2.1]). For S > 0, and for all a, 6 G M*^ we have 

\l + \sa+{l-s)b\^Y/^ds 



Remark 3.9. Note that the above estimate is not critical. The left inequality could not take equal when 
6 = 0. 

4 Proof of the main theorem 

To obtain the regularity result (Theorem \2.2\i , we first prove Caccioppoli-type inequality. In the fol- 
lowings, we define g > as a dual exponent of p > 2, that is, q = p/{p — !)■ Here we note that 
q<2. 

Lemma 4.1. Let u £ lF^'J'(f2, R^) n L°°(f2, R^) he a hounded weak solution of the elliptic system (|l.ip 
under the structure condition (H1),(H2),(H3),(H4) and (H5) with satisfying |jw||oo < o-nd A > 
2(9p-i°)/2a(M)M. For any xa £ and p < 1 with Bp{xo) d n, and any affine functions ^ : R" ^ R^ 
with \£{xq)\ < M, we have the estimate 



Du-De\^ \Du-Di\P 



dx 



(.0)1(1 + 1^^1)' {1 + \D£\)P 

\u-£\^ \u-£\P 



-Bo 



dx 



f \u-eixo)\^dx +V{p) + {a^D£\^ + b'')p'i 



(4.1) 



with the constant Ci = Ci{X,p, L,a, AI) > 1. 



Proof. Assume xq £ il and p < I satisfy Bp{xo) d il. We take a standard cut-off function r] G 
C^{Bp{xo)) satisfying < 77 < 1, \Di]\ < A/p, 77 = 1 on Bp/2{xo). Then ip := viP{u — t) is admissible as 
a test function in (|2.ip . and we obtain 



f rf{A{x,u,Du),Du~-D£)dx 

= -/ {A{x,u,Du),prf-^D'q(g}{u-£))dx + -f {f,f)dx. (4.2) 

JBpixo) JBp(xo) 

Furthermore, we have 

-/ rf{A{x,u,D£),Du-D£)dx 

JBpixo) 

{A{x,u,D£),pr]P-^Dr](E){u-£))dx-J {A{x,u, D£), Dip)dx, (4.3) 

(2:0) Jb„(xo) 



'Bp{xo) JBp{xo) 

and 

{{A{;£{xo),D£))^^^^,Dip)dx = {). (4.4) 

Bp(xo) 
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Adding (g^J, (g^]) and (g^]), we obtain 

r]''{A{x, u, Du) - A{x, u, D(.),Du - Dtjdx 

Bp(xo) 

f {A{x,u, Du) - A{x,u, D£),pr]P-^ Drj ^ {u - £))dx 

JBpixo) 

f {A{x,u,Dt)- A{x,l{xo),Dt),Dif)dx 
/ {Aix, e{xo),De) - {Ai-J{xo), Dl))^^ ^ , D^)dx 
if, f)dx 



' Bp{xo) 

I + II + III + IV. 



(4.5) 



The terms I, II, III, IV are defined above. Using the ellipticity condition (H2) to the left-hand side of 
we get 

{A{x, u, Du) - A{x, u, DC), Du - Dt) 

= I {D^A{x, u, sDu + (1 - s)D£){Du - Di), Du - D£) ds 
Jo 

>X\Du - D£\^ f {1 + \sDu + (1 - s)D£\)P-^ds. 
Jo 

Then by using (|3.16p in Lemma 13.81 we obtain 

{A{x, u, Du) - A{x, u, D£), Du ~ D£) 

>\\Du - D£\^ / (1 + \sDu + (1 - s)D£p)(P-2)/2^^ 
Jo 

>2(i2-9p)/2a {(1 + \D£\)P-'^\Du - D£\^ + \Du - } . (4.6) 
For e > to be fixed later, using (HI) and Young's inequality, we have 



< 



< 



4- {A{x, u, Du) - A{x, u, D£),pr]P-^Dr] <g) {u - £))dx 

JBp{xo) 

I D^A{x,u,D£ + s{Du- D£)){Du- D£)ds 
Jo 



Bp{xo) 
[ 

Bp{xo) 
(xa) 



\DT]\\u-£\dx 



2P-'^LpT]P-^ {(1 + \D£\)P-'^ + \Du - D£\P-^} \Du - D£\\D7]\\u - £\dx 

u-£ 



</ (1 + \D£\)P-^ {rjP-'^\Du - D£\) (iPLp 

JbAxo) \ 

{nP-^\Du - D£\P~^) (2PLp 



Bp{xo) 



U-£ 



P 

dx 



dx 



<e 



Bp{xo) 

{2PLp)P 



+ \D£\)P-^\Du - D£\^ + \Du - D£\p} dx 



{1 + \D£\) 



p-2 



Bp(xo) 



U-£ 



u-£ 



dx. 



(4.7) 



In order to estimate II, we use (H3), Dip = rf{Du — v)+prf ^ Dri(E){u~£), and again Young's inequality, 
we get 



nil 



Bp{xo) 



{A{x, u, Di) - A{x, £{xo), D£), Dip)dx 



<e 



I r]P\Du- D£\Pdx + e"^^P-f L'^uj'^ {\u - e{xo)\'^) {I + \De\fdx 
dx + £-9/f / (4ip)«w« {\u - <'(a;o)P) (1 + \Dl\Ydx 

JBJxn) 



' Bp{xo) 

■ S 





u-£ 


■/ 


p 



<eS r)P\Du- D£\Pdx + e-l 

JBpixo) Jb 



Bp{xo) 



-£ 



dx 



+ 2(4pL)2£-9/P(l + \D£\)Puj ( / \u~ £{xo)\^dx 

\JBpixo) 



(4.8) 



where we use Jensen's inequality in the last inequality. We next estimate III by using the VMO-condition 
(H4) and Young's inequality, we have 



I III I = 



<- 



Bp{xo) 

e 



{A{x,£{xo),D£) - {A{-,£{xo),D£)).,,^p,D^)dx 



'2P- 



j£ S^T^P\Du~D£\ + ^^^^^y dx+(^^X^'' -f V,„^{x,p){l + \D£\rdx. 



Je 



Bp(xo) 



Then using the fact that T^,,' = • < (2L)'?-iT4„ < 2iT4„, we infer 



JB 



III I <ef v^\Du - D£\Pdx + {Ap)Pe 



{ 


u-£ 


JBpixo} 


P 



dx + ALe-i^Pil + \D£\)PV{p). (4.9) 



For e' > to be fixed later, using (H5), Lemma [3.71 and Young's inequality, we have 
IIVI 



: f {f,^)dx 
JBp{xo) 

i a{\Du - D£\ + \D£\)Pr]P\u - £\dx + -f (bijp) 

JBp(xo) JBp(xo) 

i 



-£ 



dx 



i 

JB, 



<4- aT]P {(1 + e')\Du ~ D£\p + (1 + K{p, e'))\D£\P} \u - £\dx + eb'^p'^ + 

'Sp(xo) JBp{xo) 

<a(l + e'){2M + \D£\p)-[- t]P\Du - D£\Pdx + 2e 

JBp{xo) 

+ e(l + \D£\)Pp'} {ai{l + Ky\D£\'^ + . 



u-£ 





u-£ 


p 






dx 


JBp(xo) 


P 





dx 



(4.10) 



Combining (g^]), g^l), g^l) and (HUl)) . and set A' = 2(12-9p)/2ac A := X' -ie- a{l + e'){2M +\D£\p), 
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this gives 
A 

< 



\Du-Di\'^ \Du-D£\P 



B,(.o) 1(1 + 1^^1)' {1 + \D£\)P 



da; 







u-£ 


2 

+ 










p{l + \Dl\) 




p{l + \Dl\) 





'Sp(a;o) 

We now define 



e{xo)\^dx] +V{p) 



+ e{a''{l + Ky\De\'' + b'i}p''. 



dx 



(4.11) 



Cl 



C2 



144(2PLp)2 288{2PLp)P 



(A' - 2aM)2 (A' - 2oM)9 
3 A + 2aM \ 
2aM A - 2aM J 



max s 1, 
1, 



2(4p)f + 
(a = 0), 



24?" 



(A' - 2aM)P ' 



and set Ci = 2'^p^^{ci + (1 + _ftr(p, e'))^}c2*. Here, K{p,£') > is a constant which we take in Lemma 
[Qas e' = (A' - 2aM)/4aM at a 7^ and K = at a = 0. Note that ci, C2, Ci > 1. 
We complete the proof by considering the following two cases. 

In case of a = 0, choosing e = A'/6 and dividing (|4.1ip through by A'/2 we obtain the desired estimate 

In the case a 7^ 0, we set e = (A' - 2aM)/12 and e' = (A' - 2aM)/4aM. These choices imply 

A' + 2aM 



A = 3e 



4aM 



-a\D£\p. 



In the sub-case \D£\ — 0, dividing (|4.1ip through by 3e we have 

/ rjP {\Du\^ + \Du\P} dx 
Jb. 



' Bp{xo) 



< 



AS{2PLp)P 96(2PLp)P 2(4p)P 



96 



(A'-2aAf)2 (A'-2aAf)9 



(A' - 2aM)P 



Bpixo) 



u - £{xq) 



u ~ £(xq) 



p 



dx 



In remaining sub-case \D£\ ^ 0, we first assume p < max < 1, 



Bp{xo) 
1 



C2a\D£\ 



\u - £{xQ)\''dxj + V{p) + £ + 

Then A > e and dividing (|I1T|) 



through by e we immediately obtain (j4.ip . 

Finally, for Dt ^ 0, ; — - < p < 1 we use the result of the sub-case D£ = and the definition of po, 

C2a\Dt\ 
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to obtain 



/ {(1 + \De\)P-^\Du - Dl\^ + \Du - Dl\P) dx 

Jbp{xo) 



<2P+^-f (IDwp + \Du\P)dx + 2P+i(|D£|2 + \De\P) 



ci 



/ 



U - 1{xq) 



u - l{xo) 



p 



dx + uj 



\u~£{xo)\^dx] +Vip) + b''p'i 



+ 2P+^{il + \D£\)^ + il + \D£\r} 



ci 



Bp{xo) 



p 



u-l 



dx + UJ 



Bp{xo) 



\u - l{xo)\''dx + V{p) + (1 + \Dl\f + b^pi 



<22P+4ciC2* 



' Bp(xo) 

(1 + li^^D^'c^ 



[i + m) 



p-2 



-I 



Bp(xo) 



P 



dx 



' Bp{xo) 

and the assertion also follows in this case. 



u - £{xo)rdx + (1 + \D£\)PV{p) + (1 + \D£\)P{a''\D£\'^ + b'')p'^ 



□ 



Remark 4.2. As we shown in (|4.6p . the hypothesis A > 2^^p~^^^ ^"^ a{M)M is necessary to estimate the 
left-hand side of (j4.5p from below. On the other hand, when p — 2, we don't have to use Lemma \3.8\ in 
estimating the left-hand side of (j4.5l) because the term (1 + \sDu + (1 — s)v\)P^'^ vanish. Thus we only 
need A > 2a{M)M to get Caccioppoli-type inequality. The gap between p > 2 and p — 2 could not avoid. 
As we need the estimate of type \a + b\P^'^ > C{p){\a\P^'^ + \b\P^'^) to prove Caccioppoli-type inequality, 
the constant must be C(2) < 1/2 and we could not take C(2) = 1. 

To use the ^-harmonic approximation lemma, we need to estimate j^^ ^^^^ A{D{u — £), Dip)dx. 

Lemma 4.3. Assume the same assumption in Lemma \4.1\ Then for any xq ^ ^l and p < po satisfy 
B2p{xq) <£ fi, and any affine functions £ : M" — > with \£{xq)\ < M , the inequality 



A{Dv, Dip)dx < C2(l + \D£\) 



Bp{xo) 



.1/2 (V**(a^o,2p,f)) ^^4xo,2p,£) 



+ ^4xo,2p,£) + p{a\D£\P + b) 



sup \Dip\ 

Bp(xo) 



(4.12) 



il^\D£\Y-^ {SD,A{;£{x,lD£))^^^^Dv,D^ 
Du~D£\^ \Du-D£\ 



holds for all ip € C^{Bp{xo),lS. ) and a constant C2 — C2{n, L, p, a{M)) > 1, where 
A{Dv,Dip) 

^{xo,p,£) 
'^{xo,p,£) 



I (1 + {l + \D£\)P 



dx. 



/ { 



\u-£\^ 



+ 



£\P 



{pH1 + \D£\)^ pP{l + \D£\)P 



dx, 



-^4x0, p,£) : = '^{xo,p,£)+Lo 
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\u - £{xo)\''dx + V{p) + (a«|I?^|« + b'^) p\ 



u — £ — u — £{xo) — D£{x — xq). 
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Proof. Assume xq E il and p < 1 satisfy -B2p(a^o) ^- Without loss of generality we may assume 
sup \D(f \ < 1. Note sup \<f\<p< 1. Using the fact that Jg ^^^^ A{xo,^, y)Dipdx = 0, we deduce 



Bp{xo) 



Bp(xo) 



{l + \Di\)P-'-f A{Dv,Dip)dx 

JBp(x„) JQ 



+ 



{D^Ai; iixo),Di))^^^^ - {D^A{;i{xo), D£ + sDv))^^^^\ Dv, D^j dsdx 
-f ( {A{;e{xo), Du))^^^^ - A{x, e{xo), Du), Dip) dx 

JBp{xo) 

J'b, 

JBp(xo) 



+ 4 {A{x,£{xo),Du) - A{x,u,Du),D(p)dx 

IBpixo) 



: I + II + III + IV 



(4.13) 



where terms I, II, III, IV are define above. 

Using the modulus of continuity /U from (HI), Jensen's inequality and Holder's inequality, we estimate 
|I| = / [\\{D^A{;l{xo),Di)) - {D^A{.,£{xo),D£ + sDv)) 1 Dv,D^)dsdx 



< 



2^-2^1 (l + \D£\ + \Du-D£\f-^\Du-D£\\D^\dsdx 

JBpixo) Jo V 1 + 1-^*1 / 



{i+\D£\r-'J 

JB. 



Du -D(\\ r \Du - D£\ \Du - Diy-^ 



+ 



s^(,„)-v i + i^^i ; I ^ + \m {i + \D£\)p-^ 



dx 



2''P-^L{1 + \D£\Y-^ (V$(a;o,p,^)) ^/^{xo, p,£) + ^i^'P (^^^/^x^, p,£)) ^^'\xo,p,£) 
22p-3l(1 + \D£\Y-^ (^/$(a;o,p,^)) y/^{xo,p,£) + ^{xo, P, t)] ■ (4.14) 



The last inequality follows from the fact that a^'Ph^/'i = a^/Pi)i/p}j{p--^)/p < a^/%^n + h holds by Young's 
inequality. 

By using the VMO-condition, Young's inequality and the bound Vxa{x,p) < 2L, the term II can be 
estimated as 



nil 



/ (iA{;£{xo), Du))^^ - A{x, £{xo), Du), Dip) dx 

JBpixo) \ / 



< 2f-2(l + 



mr-'-f 

JBpixo) 



Vxo{x,p) + Vx„{x,p) 



\Du-D£\P-'^ 
(1 + \D£\)P-^ 



dx 



< 2f-2(l + \D£\r-' [(1 + (2L)f-i) V{p) + ^{xo, p, £)] . (4.15) 
Similarly, we estimate the term III by using the continuity condition (H3), Young's inequality, the 
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bound Lu < I and Jensen's inequality. This leads us to 



III I = 



-f {A{x,£{xo),Du) — A{x,u,Du),D^p)dx 



<Lf (1 + \Di\ + \Du - Di\)P~^oj {\u - i{xo)\^) dx 



< 2P-^L{l + \De\) 



p-i 
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e{xo)\''dx] +<!>{xo,p,e) 



(4.16) 



By using the growth condition (H5) and sup l^^l < p < 1, we have 

Bpixo) 



|IV| = 



Bp{xo) 



(/, ifi)da 



<f p{a\Du\P + b)dx 

JBpixo) 

< 2P-^a{l + \D£\)P<t>{xo,pJ) + 2f-V(l + \D£\)P-\a\De\P + b). 



(4.17) 



Combining with the estimates (05)) . and (|iTf|) . and set C2 = 2"+2p(l + a 

(2L)P-i)Ci > 1, we finally arrive at 

A{Dv,D(p)dx 

Bp(xo) 

<22p-i(i + a + (2L)P-i)(l + \Dt\) 

(^$(a;o,p,£)) v/$(a;o, P, ^) + *(a;o, P, () + **(a:o, P, ^) + p{a\Dl\P + 6) 



(^^-4a;o,2p,^)) V**(a^o, 2p, £) + *,(xo, 2p,^) + p{a\Dl\P + 6) 



<C2(l + |i?^|) 



where we use Caccioppoli-type inequality fLemma l4.ip . $(xo,/9,f) < Ci5',(xo, 2p,i?) and the concavity 
of /i to have p{cs) < cp{s) for c > 1 at the last step. □ 

From now on, we write $(/o) = ^'(a^o, P, 4o,p), *(p) *(a;o, 4o,p), **(/o) = **(a;o,P,4o,p) for 
xq G 51 and < p < 1. Here ixo,p is a minimizer of p. 91) . 
Now we are in the position to establish the excess improvement. 



Lemma 4.4. Assume the same assumptions with Lemma \4.3\ Let 6 G (0, 1/4] be arbitrary and impose 
the following smallness conditions on the excess: 

(i) p^/'^ ( + < ^ "^^^h ihe constant 5 = S{n, N,p, A, L, 6'"+p+2) from Lemma 



(ii) ^{p) < 



qri+2 



1/9 



< 1. 



4n(n + 2)' 

(m) j{p) := [vl^,«/2(p) +rV(«l^4o,pl 
Then there holds the excess improvement estimate 

^{Op) < c^e^^ip) 

with a constant C3 > 1 that depends only on n, N , X, L, p, a, M and 



(4.18) 
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Proof. We first rescale u and set 



w :- 



C2il + \Di,o.p\h' 

We claim tliat w satisfies the assumptions of Lemma [321 By Lemma with p/2 and £xo,p instead of 
p and i, and assumption (i) , the map w is approximately y^- harmonic in the sense that 



/ A{Dw, Dip)dx < A*'/' (V^TU)) + V^Tip) + ^ 



sup \Dip\ 

Bp/2{xo) 



<5 sup \Dip\, 

-Bp/2 (2:0) 



for all (fi G (-Bp/2 (2^0) J 11^^)7 with the constant 6 determined by Lemma for the choice e = 5»"+p+2, 
Moreover, the choice of C2 and the Caccioppoli-type inequality (Lemma 14. ip infer 



-f {\Dwf +-fP-^\Dw\P}dx< 



2^,2 - - ^ 



Thus, Lemma 13.21 ensures the existence of an ^-harmonic map h with the properties 



/ I 

-f {\Dh\'^ +-fP-^\Dh\P}dx <c{n,p). 

J B„/2(xo) 



(4.19) 
(4.20) 



3p/2(a;o) 

Since h is ^-harmonic. Theorem 13.31 yields the estimate 

sup \D^h\^ <Coc{n,p) 

Bp/4,(xo) 

From this we infer the estimate for s = 2 as well as for s = p 

sup \D'h\^ < {Coc{n,p)y/' (^Y\ 

Bp/iixo) 

Therefore, using Taylor's theorem, we have the decay estimate, where d e (0, 1/4] can be chosen arbi- 
trarily: 
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JBep{xa) 



\w — h{xo) ~ Dh{xo){x — xo)\^dx 



<2'-'-f'-^{epy 



4 \w-h\''dx + 4- \h{x) - h{xo) - Dh{xo)ix - xo)\''dx 

J Bgp(xQ) J Bgp(xa) 

|2-n-i ^ 22^"i(Coc(n,p))^/2| q2 
Here we applied the energy bound (|4.19p for the last estimate. Set C(s) — c{n, s)C2^ {^.^"^^^ 



< 
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2'^'-'^{CQc{n,p)y/'^){l + where c(n, s) is a constant from Lemma 13.61 and we conclude 



J Bep{xo) 

<cin, s){ep)-'i \u - 4„,p - C27(l + |C4o,pl) {h{xo) + Dh{xo){x - xq)) \'dx 



=c(n, s)C2'{ep)-'-f'il + iDe^ojyf k - H^o) - Dhixo){x - xo^dx 

<c{n, s)C2^(2-"-i + 22--i(C'oc(n,p))^/2)(l + \De,„p\ye^ + 2'/^ (J-'M/^p)] 

<C{s){l + \De^,jr0^^4p). (4.21) 

Here we would like to replace the term \D£xo,p\ on the right-hand side by \Di.j;a,ep\- For this, we use 
p. lip and the assumption (ii) in order to estimate 

\De,o,P - Dlxo,ep? <%^/ \n - U,P?dx 



{Op) 



Bep(xo) 



<^^^!i2^(i + \Dix,A?np) < ^(1 + 



This yields 



1 + |C4o,pl < 1 + \Dlxo,ep\ + \D£^„^p - D£,„^ep\ < 1 + \Dixo,ep\ + x(l + \DixoJ), 



and after reabsorbing the last term from the right-hand side on the left, we also obtain 

l + |i^4o,p| <2(l + |Z?4o,ep|). 

Plugging this into (j4.2ip . we deduce 

{Opr'-f |u-4o,eprdx< C(s)(l + |D4o,ep|)^e'**(p) fors = 2ands=p. 

Finally, set C3 ~ C{2) + C{p) > 1 and dividing by (1 + \D£xo.ep\Y , then adding the corresponding terms 
for s — 2 and s = p, we deduce the claim. □ 

We fix an arbitrarily Holder exponent a € (0, 1) and define the Campanato-type excess 

Ca{xo,p) ■■= p'^"-!- \u - u^o^pl'^dx. 



i 

JBp(xo) 



In the following lemma, we iterate the excess improvement estimate from Lemma 14.41 

Lemma 4.5. Under the same assumption with Lemma \4-4\ for every a € (0, 1), there exists constants 
e*, K*, p* > and 6 e (0, 1/8], all depending at most on n, N , A, p, L, a, po, p{-), uj{-), V{-), a, b and 
M , such that the conditions 

< £*, and Ca{xo,p)<K^ (Aq) 
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for all p G (0, p*) with _Bp(xo) (e i^, imply 

*(6'''»<e*, and Ca{xo,e'' p) < (Ak) 

respectively, for every fc G N. 

Proof. We begin by choosing the constants. First, let 



1/(2-2q) 



1 

< 



mn{n + 2) J ' - 8' 

with the constant C3 determined in Lemnia H751 In particular, the choice oiO — 9{n, N, A, L, a, M, a) > 

fixes the constant S — S{n, N, A, L, a, M, a) > from Lemma lX^ Next, we fix an = N, A, L, a, M, a, p{-)) > 

sufficiently small to ensure 

6*"+^ , 1/2/ nr- 5 

lon(n + 2) ^ ' 2 

Then, we choose {n, N, X, L,a, M,a, p{-),uj{-)) > so small that 

Finally, we fix = p^{n, N, X,p, L,a, po, p{-),uj{-),V{-),a,b, M) > small enough to guarantee 
< min{po,K*^/'^"^"\l}, V"(p,)<e* and | (a ^"(n + 2)k,) % 6"} 



Now we prove the assertion (A^) by induction. We assume that we have already established (Ak) up 
to some fc G N U {0}. We begin with proving the first part of the assertion [Ak+i), that is, the one 
concerning 'ii{9''^^p). First, using p. 121) with £ = u^^ gkp, we obtain 



n(n + 2) f 

P) JB„kAxa) 



= n(n + 2)(0Vr""'C«(2;o,^>) 
< n(n + 2)p*2"-2^^^ (4.22) 

Thus, the assumption {Ak)^ the choice of k^, and and the above estimate infer 

< + Lo{C^{xo,e^p)) + ^(^V) + (a'|/?4o,evl' + b^KO'^pf 

< e^+uj{K^) + V{p^) + (^(^a^yn{n + 2)K^y + b''^ < 4e,. (4.23) 

Now it is easy to check that our choice of e, implies that the smallness condition assumptions (i) and 
(ii) in Lemma 1331 are satisfied on the level 9''p, that is, we have 



+ < m'/' {V^ + V4i: < ^, (4.24) 



and 

f)n+2 

Furthermore, we have the smallness condition assumption (iii), that is, 

^(^V) = [*,9/2(^?fcp) + rn^?V)«(a|^4o,evl + by] < 1. (4.26) 
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To check (|4.26p . first, note that ^^,{0'^p) < 1 holds by the estimate (|4.23p and the choice of e*. This 
imphes 

< < Vii: < ^. (4.27) 
Next, using (|4.22p and > 1, we obtain 



Then the choice of and e» imply 



(4.28) 



Therefore combining (I4.27P and (I4.28p . we have (j4.26p . We may thus apply Lemma with the radius 
6'*''p instead of p, which yields 

*(6''^+V) < C36i2*46iV) < iCsO^s, < e,, 

by the choice of 6. We have thus established the first part of the assertion (^fc+i) and it remains to 
prove the second one, that is, the one concerning Cq(xo, 0*'~''^p). For this aim, we first compute 

k - e.o,e^/dx < (1 + |Z?4o,e'=pl)'*(^V) < 2e, + 2e,\D£,„^g.p\^ 

where we used the assumption {Ak) in the last step. Since £xg^gkp{x) = u^^ gkp + D£^^ Qkp{x — xq), we 
can estimate 



c„(xo,^^'^+V)<^^'+ 

< 2(6*''+^)"^" 

< 2(6i'=+V)"^" 



V) \U-U^^^gkp\'^dx 
JBgk+ipixo) 



Using (I4.22P and recalling the choice of p*, e* and 6*, we deduce 



2/'^ /)-n-2Q I /)2-2q 



)] 



1 



+ n(n + 2)K,p, "^"(e 

2-2q 



2-2q^^ ri-n-2a , /)2-2a 



)] 



1 1 

~ 4 2 

This proves the second part of the assertion (^fe-|_i) and finally we conclude the proof of the lemma. □ 
Now we are in position to prove Theorem 12.21 
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Proof of Theorem 12.21 By Lebesgue's differentiation theorem, it holds ^"(fi \ r2„) = 0. Conse- 
quently, it suffices to show that every xq G U \ (Ei U E2) is a regular point. We first note that for every 
< p < dist(a;o, dV,), the bound p. 121) and the Poincare inequality (Lemma l3.4p imply 



n{n + 2) 



/ 



<Cpn{n + 2[ 



Bp(xo) 



\Du - {Du)xo,p\^dx. 



Consequently, by another application of the Poincare inequality and p.l2p . we obtain 



*(xo,/9,4o,p) <t 

Je 



Bp{xo) 

<Cp 







2 

+ 




1 




P 




p 





dx 



/ {\Du - D£,„J^ + \Du - De,„.p\P} dx 

JBJxn) 



<2Cp-f \Du ~ {Du)^„.p\^dx + 2Cp|(Z?u),„,p - i?4o,pl' 

JBpixo) 

+ \Du - {DuUJ^dx + 2P-^Cp\{DuU,p - DI^^Jp 

JBp(xo) 

<2PCp^(^n{n + 2)y-f {\Du - {DuU,J'' + \Du - {DuU,.p\P} dx. 

^ ' JBp(xo) 

Moreover, for any a € (0, 1) and p < 1, again using the Poincare inequality, there holds 



(4.29) 



C„(a;o,p) V" 

<P 
<2 



Bp(xo) 



\u - Uxo,p\'^dx 



\DuVdx 



Bpixo) 



Bp(xo) 



\Du - {DuU.p\''dx + 2p2-2"|(Du)^^^^^|2_ 



(4.30) 



Recalling the definitions of Ei and E2, the estimates (j4.29l) and (j4.30|) imply the existence of a radius 
< p < min{p:», dist(xo, 9ri)} satisfying 

^'(xo,/0,4o,p) < e* and Cq(xo,/9) < k,, 

for the constants p,, e,, k» > determined in Lemma 14.51 Using the absolute continuity of the integral, 
there exists a neighbourhood U C f2 of a;o with 

*(a;, p, 4,p) < £* and Ca{x,p) < k*, 

for all X ^ U. Then Lemma [4.51 vields that we have estimates 

*(a;, 6'''p,4^p) < e, and Ca{x,6'' p) < k^, (4.31) 

for all X £ U and k £ N. Here 6 £ (0, 1/8] is independent of the particular point x. This implies 



K, < 00, 



sup a \u — Uy^al'^dx — sup Ca{y,<y)<0 " 

t/e(7,o-G(0,p) JB^iy) ' yeU,ae(0,p) 

and hence u £ C^'°'{U,W^) by Companato's characterization of Holder continuous functions. 



□ 
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